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BASIC STUDIES OF A LOW DENSITY HALL CURRENT ION ACCELERATOR
by Donald L. Chubb and George R. Seikel
Lewis Research Center -

SUMMARY

An experimental and theoretical investigation of a low density annular Hall current
ion accelerator operating with argon gas was carried out. The variation of electron tem-
perature and number density, ion current density, and plasma potential through the accel-
erator were experimentally determined as a function of the magnetic field strength. Azi-
muthal electron Hall current was also measured. Experimentally determined values of
the axial electron current density parallel to the applied electric field were much larger
than those predicted by classical electron diffusion, and the ratio of the azimuthal Hall
current to the axial current was much smaller than expected. As a result, it was con-
cluded that an anomalous electron diffusion mechanism exists.

The variation of the electric field with magnetic field could be reasonably predicted
by an anomalous electron diffusion analysis that made use of the experimentally deter-
mined value of the Hall parameter (electron cyclotron frequency/electron collision fre-
quency). The experimental results indicate that energy and momentum transfer to the
accelerator walls are the primary loss mechanisms for the accelerator.

/4 (&Ip oL

INTRODUCTION

Hall current ion accelerators are currently receiving considerable research atten-
tion. The use and performance of such accelerators have been discussed by several
authors for the low density regime (refs. 1to 4). This regime is defined as that for
which the mean free path for ion-neutral collisions is much larger than the characteris-
tic length of the accelerator. Hall accelerators that operate in a higher density range
where ion-neutral collisions are important, have also been studied (ref. 5).

The annular Hall ion accelerator to be considered here is illustrated in figure 1.
Operation of the accelerator with argon gas was investigated. A radial magnetic field
was produced between an inner iron core and an outer iron ring by a coil wound around
the inner core. An axial electric field, which accelerates the ions, is established be-
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Figure 1. - Annular Hail current ion accelerator.

tween the cathode and anode. The perpendicular electric and magnetic fields establish
an azimuthal electron current. Since this current is perpendicular to the applied electric
and magnetic fields, it can be called a Hall current. It is from this that the accelerator
derives its name.

Operation of the discharge is maintained by nonequilibrium ionization of the neutral
argon atoms through collisions with high energy electrons. The electron temperature
must be high enough to maintain a balance between the ion loss rate and the ion produc-
tion rate. Ion losses are those to the walls as well as to the accelerated ion beam. The
elevated temperature is maintained by joule heating of the electron gas.

Both a theoretical and an experimental study were carried out for this type of annu-
lar accelerator. The experimental program was directed at understanding the physics
of the accelerator rather than measuring overall characteristics such as thrust. As a
result, local macroscopic properties such as number density, electron temperature, and
plasma potential were measured. From this information conclusions could be drawn
concerning electron diffusion across the magnetic field and the ion acceleration process.
Also, the dependence of the accelerator performance on the magnetic field could be es-
tablished. Probe techniques were employed to determine the plasma properties. From
the measured properties an approximate acceleration efficiency was computed.

The theoretical analysis was used to establish the dependence of the electric field on
the magnetic field. In making the analysis, the effect of inelastic processes (ionization
and excitation) was considered; however, energy loss to the accelerator walls was not
considered.



. THEORY
Classical Analysis

In analyzing the annular Hall ion accelerator, a combination of the electron continuity
and momentum equations was employed. The electron energy equation that was used in-
cluded ionization and excitation. Such an analysis is similar to the methods commonly
applied to the positive column in a magnetic field (ref. 6).

In appendix B the following equation of motion for electrons is developed (eq. (B15))

- Vpe = = sy memo - memi — -
me(ﬁ'e-V)ue+—+q(E+ue><B)=— —— Ve, (T1'e—u0)+——————-uei (ue—ui)
n, m, +m m m,+m; " m

(1)

where the subscripts e, o, and i refer to the electrons, neutrals and ions, respectively,
and q is the magnitude of the charge of an electron (q . -q). (All symbols are defined

in appendix A.) The quantities v eo and v ei  are the momentum transfer collision
m m
frequencies for electron-neutral and electron-ion collisions and are given in appendix B

by equations (B17) and (B18).
The following approximations were made in obtaining equation (1):
(1) The contribution to momentum transfer from inelastic collisions has been ne-
glected.
(2) Maxwellian velocity distributions have been assumed for the electrons, ions, and
neutrals.
g, - 4| [T, - G|

(3) €E_© << 1, and € 1 << 1.

(4) Steady state exists, d3/dt = 0.
Making the following assumptions
(1) The accelerator exhibits azimuthal symmetry (3/96 = 0 and E, = 0)
(2) Induced magnetic fields are negligible, therefore, only the applied radial field
exists (ﬁ = B-{r)
(3) Radial variations in velocity are negligible

(4) uoe <L uee

(5) m, <<m, ~ my

gives equation (1), in scalar form, as
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The results of appendix B were used to calculate v_. /v as a function of n_/n
ei / eo e o
and T . Data from reference 7 (p. 31) for o were used to compute v from
e ma €Om
equation (B17), and the results are presented in figure 2. The results of the calculation
of v.. /v are shown in figure 3. Since In A appearing in equation (B18) varies
ei [/ eo

very slowly with n, and T e 2 constant value of 14 was used, which corresponds to

Te = 105 °K and n, = 101'7 per cubic meter. For the Hall ion accelerator, the operating
conditions are T, 2> 10° °K and n,/n ~ 1072t0 1073, Asa result, it can be seen from
figure 3 that electron-neutral collisions are much more important than electron-ion colli-

sions. It therefore seems reasonable to neglect terms containing v ei /V o in equa-
m m

tion (2). If this is done, equations (2b) and (2c) can be written as follows
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where w o= Bq/me is the electron cyclotron frequency. It will now be assumed that

u, /Veo r<<1 and (1/w) <au /az> << 1. Also, it can be shown from experimental
by m € €9

data that (1 / Yoo > <8u e / az> << 1. As aresult, equations (3) and (4) become
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Substituting equation (5) into equation (6) gives the following expressions for u e and

0
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u, = + - (8)
m 1+ m n_{1+ 1+
e'eo V2 eeo e Vz vz
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For a successful Hall accelerator, we/Veo >> 1. In this case

2 2 . . - 2/2
w_ /v +1~ <w / v > in equations (7) and (8). Also, if <u >/ [1 + <w /v >]
< e/ eom> € eom 0Z € eom

and the electron pressure gradient term on ekT o /az are neglected, equations (7) and (8)
become:

m v v
e eo eo E
ug =-_2_mEZ=- m)_ 2z (9
Z 4B we B
E
ug =2 (10)
6 B

The azimuthal electron velocity given by equation (10) is just the E X _I§/B2 drift velocity
that the electrons would attain in a collisionless situation.

Under the same assumptions used to develop the electron equation of motion, the
following electron energy equation can be obtained

2

- 3 Pe Ue - E.T 3memi Kk Kk
V- qug|mng E;—n— —2— +Ug- VP, +an E. 4, =n, —_( T; - Te)veim
ee (me + mi)
3mem0 m
+ —2 (kT0 - kTe)Veom - m (qq)IvI + Zq(pexvex> (11)
(me +mo) o e

where Vi and v ex are the ionization and excitation collision frequencies, and ¥1 and
Pex are the ionization and excitation potentials of the neutrals. The development of this
expression is carried out in appendix C (eq. (C7)). For the experimental Hall acceler-
e <L Ve o, and T >>T ; therefore, the first term on the right side of equa-
tion (11) will be neglected, and kT o will be neglected compai'ed*with kT e Also, it will
be assumed that the only important energy transfer term is E-.u e and that

ator, v

E u << E u_ ; therefore, equation (11) becomes
re, ze,
qu, E, = - 3 Keo'eo kTe (12)
z 2 m



where .

2m m m 2m_ qo +qu) v
_ e o o) ~ e I'l ex ex
Keo = ( )2 * 3 ( ) <q¢IVI+Eq¢exVex> m + 3
m_+m 2 v m_+m o} = v
e o} e eo "0 e 9 € eo.

The quantity Koo’ which is a function of Te’ is the average energy lost by an electron in
a collision with a neutral. Expressions are developed for V1 and v ex in appendix C and
are given by equations (C17) and (C18).

Solving equation (12) for u e results in

(13)

The expression that relates electron temperature, magnetic field, and electric field
is obtained by combining equations (9) and (13):

2
E K
z) _3 ﬁkTe (14)
B 2 m,

The elastic energy loss term 2m e/m o in the parameter « €0 is much smaller than the

ionization and excitation loss terms for the electron temperatures that exist in the argon
Hall accelerator. Therefore, equation (14) can be written as

2
E
z\ _ q 1
<§> m v ((pIVI +E"Dexvex> (15)
e “eo

Equation (15) was used to obtain an expression relating E, , B, N, and T e BY
choosing a value of T e and No and then determining v; and v ex (fig. 18, appendix C),
E, can be determined as a function of B. The electron temperature is determined by
the ionization level necessary to maintain the discharge. It must be maintained at a level
that gives a balance between the ionization rate and the loss rate of ions and electrons,
including losses to the walls. Since the simplified analysis presented here does not in-
clude this wall transfer process, the electron temperature is an unknown parameter in
determining E, as a function of B from equation (15).



. Anomalous Diffusion Analysis

The electric field strengths predicted by the classical collision theory are much
larger than those obtained experimentally. Therefore, an anomalous electron diffusion
across the magnetic field as suggested by Janes and Dotson (ref. 8) and Brockman, Hess,
and Weinstein (ref. 9) was considered. In the case of anomalous diffusion for
(we /V e °m>2 >> 1, the following expression for the electron velocity perpendicular to the

magnetic field, neglecting the electron inertia terms, has been derived in reference 10
(eq. (33)):

o(n_k
u = - .g [EZ +.1_ _(ie;_’].:‘_e_}} (16)

u, =-0-2 (17)

where « is a constant related to the mean-square deviation of the number density from
the steady-state value of the number density (ref. 10). Comparison of the classical elec-
tron velocity equation (eq. (9)) with equation (17) shows that o« plays the same role as
the Hall parameter o, /v eo_ As a result, 1/o¢ might be called an effective Hall pa-
rameter.

The electron energy equation is given by equation (12). If the elastic energy transfer

term Zme/mo is neglected in the parameter «, the result for u, is
z

_ . PP1t Zq)exyex

= (18)
€z EZ
If equations (17) and (18) are combined, the following expression results:
E,
B = a <¢IVI + E q’ex”ex) (19)

Comparing equation (19) with its classical counterpart (eq. (15)) shows again that 1/«
appears in place of the Hall parameter.
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v EXPERIMENT
Apparatus

A photograph of the experimental accelerator is shown in figure 4. Figure 5is a
schematic diagram of the accelerator and associated electrical equipment. The discharge
was produced in an annular region formed by two concentric tubes. The outer tube was a
6-inch section of standard 3-inch diameter pyrex tube, and the inner tube was a 3. 8-
centimeter-diameter ceramic tube that fitted over the inner pole of the magnet. A brass
flange and gasket provided a vacuum seal at the anode end of the accelerator, and at the
cathode the 3-inch pyrex tube was connected to a 24-inch-square aluminum box connected
by a 12-inch valve to the vacuum facility. This vacuum facility is a 15-foot-long 5-foot-
diameter stainless-steel tank equipped with four 32-inch diffusion pumps. Nominal pump-
ing speed of the facility is 10" liters per second.

Argon gas was introduced through four equally spaced holes in the annular stainless-
steel anode. Gas flow rate was monitored with a rotometer. The pressure of the dis-
charge was measured at the anode by a McLeod gage. The gage was equipped with a
liquid-nitrogen-cooled trap. An emitting cathode consisting of twelve 0. 005-inch tanta-
lum wires was used. The cathode (fig. 4) was constructed much like a bicycle wheel with
the tantalum wires as the spokes, where the inner negative connection is the hub, and the
outer positive ring is the rim. All power supplies were standard direct-current supplies,
except the magnet supply, which had negligible ripple at full 100-ampere output.

Radial magnetic field strengths in the accelerator were calibrated as a function of
current in the field coil. A profile of the radial field strength for a current of 9 amperes
is shown in figure 6. The value of the radial
field in the middle of the accelerator (200
gauss) is the value quoted in presenting the
experimental results. To avoid the hystere-

Outside magnet pole

163 155 150 143 125 . X . . e

. . . . . sis problem in calibrating the magnetic field,
the iron magnet was first driven into the

18 21 20 195 168 saturation region and then the calibration

was made as the current was decreased from
296 300 310 320 335 saturation. Therefore, to use the calibration
) curve, the magnet was first saturated and
then the current reduced until the desired
field was obtained. The maximum radial
field that could be attained in the middle of
the accelerator was 250 gauss.

~=— Magnetic field strength, B, gauss

Inside magnet pole

Figure 6. - Radial magnetic field strength profile.
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Discharge Operation .

The discharge exhibits characteristics similar to those of the positive column of a
glow discharge (ref. 11, p. 209); that is, an approximately constant electric field exists
in the discharge, and the plasma is essentially neutral. The discharge was initiated in
the pressure range of 10'3 millimeter of mercury by raising the anode potential to be-
tween 200 and 300 volts and then switching the magnetic field on and off. Once the dis-
charge was established, the anode potential and magnetic field were adjusted to the de-
sired conditions. Before collecting data, the discharge was allowed to reach steady-state
operation. All the data reported here were obtained at a constant total current of 1 am-
pere. If it is assumed that the current is uniform across the accelerator, IT of 1 am-
pere corresponds to the total current density JT of 289 amperes per square meter. All
potentials reported were measured with respect to ground.
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Figure 7. - Diagnostic probes.
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* Operation of the discharge is strongly dependent on the cathode temperaturé, indi-~
cating that the emitted cathode current is emission limited rather than space-charge
limited. By raising the cathode temperature, the total current increased while the anode
potential decreased. In obtaining the data presented here, the cathode temperature was
maintained at a constant value throughout the interval when data were being recorded.

DIAGNOSTIC METHODS AND EQUIPMENT
Langmuir and Emitting Probes

Measurements of electron temperature, electron number density, and plasma poten-
tial were made with a 0. 001-inch-diameter cylindrical tungsten Langmuir probe and a
0. 005-inch-diameter tungsten emitting probe. Both probes are illustrated in figure 7.
Operation of an emitting probe is described in reference 12. As the probe is heated, the
floating potential rises to a plateau. At this point, the emission current from the probe
equals the random electron current arriving at the probe. As a result, the floating poten-
tial of the probe closely approximates the plasma potential. The emitting probe was
used only in obtaining the plasma potential.
It was assumed that the magnetic field did not affect the Langmuir probe operation.
This appears to be a reasonable assumption since the measured Hall current through the
radial cross section Ac of the volume,
from which the probe could easily draw
\ . current, was large compared with the
ﬁ measured saturation electron current
(fig. 8).
/~ Outer wall The Langmuir probe data were re-
\/\ duced by two different methods: first,

% / the relation between the electron cur-
) // .

rent and the electron distribution func-
Tnah — 7 |L—Probe tion derived by Druyvesteyn (ref. 13),

and second, a method described subse-
- <777 ~ quently as **corrected Maxwellian. !
%/ \ In determining the electron number
|
\Z

density n, by either method, the

L Inner wall plasma potential used in the calculation
was obtained with the emitting probe.
CD-8168 Associated with the anomalous

Figure 8, - Probe current collecting volume. electron diffusion across the magnetic
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100 field are large oscillations in the
plasma potential. For low magnetic
fields (B < 50 gauss), the oscilla-
tions are small. As pointed out in
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In figure 9, typical Langmuir probe
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curves are plotted for magnetic
fields of 50 and 250 gauss. The
plasma potentials VPL shown in
figure 9 were determined by the
emitting probe. If the electron dis-
tribution function is Maxwellian, the
probe curve should increase linearly
to Vpy, and then level off (ref. 15).
As shown in figure 9, however, the
probe curve has a break at a lower

—
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i
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Probe voltage, Vp, V value V3, rather than Vp . This
Figure 9. - Typical Langmuir probe data. result can be interpreted in two
ways. The most obvious conclusion

is that the distribution function is not Maxwellian. Secondly, it could be concluded that
the oscillations in the plasma potential cause a premature break in the probe curve, but
that the distribution function is still Maxwellian. In this case, the true electron satura-
tion current can be taken as i'S (fig. 9). If the probe curve is interpreted in this manner,
the electron number density and temperature can be determined as usual (ref. 15). The
probe data reduced this way is referred to in the figures as corrected Maxwellian.

If the effect of the plasma oscillations is ignored, the data can be reduced by the
Druyvesteyn method in the following manner. If an isotropic distribution function is as-
sumed to exist for the electrons, the second derivative of the curve for electron current
against probe voltage will be proportional to the electron distribution function (ref. 13)

RS WU SN W S S Iy 0 I 2V S S

|
Slope = 6 ]
‘7(,\/[ ‘ L/‘ VpLT
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» ]

7 ]
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!

I

|

|

9 2meU 1/2 d2ie
n ¢ (U) = — (20)
Aq\ ¢q dvf,

where U = VPL - VP is the difference between the plasma potential and the probe po-
tential, A is the probe surface area, dzi e /dV% is the second derivative of the electron
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current collected by the probe, and n ego(U) is the electron density within the energy in-

* crement dU.
By definition, the electron number density is

n = /o' n 0 (U)dU 21)

e

Substituting equation (20) into equation (21) and integrating by parts yield

1/2 .\ = .

2m di di

ne=i __€ U1/2_e _1 U'1/2 —Cldu (22)
Aq\ q dv/ 2 du

and the first term in the parentheses vanishes because (di e/dU)U=°° = 0. Therefore, the
electron number density is

1/2  poo .

2m di

n =-L(—=¢ v 1/2(_e\qu (23)
Aq\ q A du

The electron current i e Was taken as (i - ii)’ where i_ is the measured probe current
and ii was estimated graphically by drawing a straight line through the point determined
by zero current and plasma potential and tangent to the ion saturation portion of the probe
trace. To reduce this equation (23) further, a relation must be obtained between ie

and U. For all experimental probe traces that were recorded in cases where B > 0,
this relation could be well represented by two exponential curves. (Fig. 9 is a typical
plot of the logarithm i e against the probe potential.) Therefore, the electron current to

the probe can be approximated as follows

. _ s oYU *
i, =1ige 0<ULU

(24)
i,=1le®  U*<U<w
where U* = VPL - V’l"), 6 and y are the slopes of the two straight-line approximations
to logi o i s is taken as the electron current at the plasma potential VPL’ and i; is
the electron saturation current obtained by extrapolating the first part of the probe trace

to the plasma potential VPL' When B = 0, the plasma potential determined by the break
15



in the probe trace is slightly higher than the plasma potential measured with the emitting
probe. Using the plasma potential determined by the emitting probe for cases where
B # 0 would therefore appear to be a conservative estimate.

Using equation (24) in the number density expression (eq. (23)) results in

1/2 *
2m vU 0
“e=i<—£ 1571/2 / /2% 4 +i'sél/2 / < 1/2,7% g (25)
Aq \ q 0 sU*

where the integrals are incomplete gamma functions (tabulated in ref. 16, p. 978).
The mean random electron energy, or electron temperature, can also be determined
from the probe trace, since by definition

KT -
3(__e =i/ n¢(U)U du (26)
2\ q exp D 0

e

where (kTe/q)exp is the experimentally determined electron temperature. This temper-
ature is not necessarily equivalent to the electron temperature used in the theory, since

in deriving the expressions for v

eo * Up and v it was assumed that the distribution

X
m €

function was Maxwellian.
Substituting equation (20) into (26) and integrating by parts give

1/2 o .
3 (kT_e> -3 <_2me> ul/ 2<E>dU (27)
2\ q exp Aqn e\ 4 A dU

where the condition (die/dU)Uzoo = 0 has been used. Finally, use of equation (24) in
equation (27) yields

1/2 *

kT 2m +U 0

§< e> __3 < e> is'y_l/z / xl/Ze—x i +i's6—1/2 / X1/Ze—x i
2\ g exp qAne 4 0 6U*

(28)

where the integrals are the same as in equation (25).
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Hall Current Measurement

As a check on the methods described for measuring the electron number density, a
method based on knowing the electron Hall current in the accelerator was also used. The
azimuthal Hall current was measured in a way similar to that used in reference 9. When
the discharge is turned off, the collapsing azimuthal Hall current induces a voltage in a
coil wrapped around the outer pyrex tube. To pick up this induced voltage, a 1000-turn
search coil was wrapped around the pyrex tube just downstream of the outer pole of the
magnet. The coil was located at an axial station, z = 5. 08 centimeters (fig. 5). The sig-
nal from the coil was fed into an integrating circuit, and the result was displayed on an
oscilloscope. The search coil was calibrated by simulating the Hall current with a coil
placed between the poles of the accelerator magnet. By switching off a known current in
the calibration coil, the recorded oscilloscope reading was plotted as a function of the
simulated Hall current. The steady magnetic field produced by the iron magnet of the ac-
celerator had a negligible effect on the calibration. The effect of a nonuniform Hall cur-
rent was simulated by moving the calibration coil. By placing this coil at several axial
positions between the magnet poles with the same value of current and comparing the os-
cilloscope readings, the effect of nonuniformities in the azimuthal Hall current could be
determined. A maximum change of 20 percent from the reading when the calibration coil
was centered under the magnet poles resulted when the coil was moved to a position with
one edge at the cathode position. This would simulate the extreme case of having most of
the Hall current occurring between the cathode and the downstream edge of the magnet.

The measured electron Hall currents were used to obtain a mean number density in
the following manner. From equation (10), which neglects the electron pressure gradient
and assumes <we/ye0m>2 >>1,

anz

lJHallI = |Je9| =qnue9 ~ B

Therefore, the mean number density can be obtained from measured mean values of

JHall’ Ez’ and B:
[Tgan|
A~ IELII
4y
B

To convert the measured Hall current into a current density, it was divided by the area
bounded by the inner and outer tubes, the anode, and the downstream edge of the magnet.
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This area equals 9. 67 square centimeters.
If the electron Hall current density and the axial electron current density are known,
the mean effective Hall parameter w_7_ can be computed. The following expression is

ee
obtained from equation (5):
6l _ 01_
— =l—1=w_T
= e e
'Je Ye
Z z

Button Probe

Axial electron current densities were determined by measuring the axial ion current
density and then subtracting this result from the total current density. The ion current
density was measured with a 0. 5-centimeter-diameter guard-ringed tungsten button probe
shown in figure 7(c) (p. 12). Biasing the button negative with respect to the plasma poten-
tial results in ions being collected by the button, while electrons are repelled. To com-
plete the electrical circuit, an electron collector is placed near the button. As the button
becomes more and more negative, eventually all the electrons will be repelled, and only
ions will be collected. There will be some value of the probe potential beyond which no
further ion current will be collected by the button. The value of the current at this point
is an upper bound on the axial ion current moving through the plasma. In operating the
probe, both the button and the button guard ring were maintained at the same potential.
When this was done, the probe current saturated, indicating that any additional ion cur-
rent attracted by the sheath growth was collected by the guard ring.

Neutral Number Density Measurement

The McLeod gage pressure measurements were used to establish the neutral number
density. The neutral atoms are essentially in free molecular flow throughout the dis-
charge; examination of similar cold flows indicates a small (30 percent) pressure drop
through the accelerator. This coupled with the knowledge that the discharge is only
slightly ionized indicates that the neutral density is approximately constant. Since the
mean free paths of the particles in the accelerator are larger than the characteristic

! length of the apparatus, the condition of equal pressures in the accelerator and McLeod
gage cannot be used in determining the neutral density; however, conservation of mass
must exist. If it is assumed that the electrons and ions have completely recombined in
passing through the tube connecting the accelerator and the McLeod gage, the conserva-
tion of mass can be expressed as follows

18



) p(')V(') =PeVe *PiVi PV, (29)

where the primed quantities indicate conditions in the McLeod gage and the unprimed

oo
~ m; are assumed, the neutral number density

guantities indicate conditions in the accelerator and p e = NgMy, pj =My, p = N m

If equal ion and electron densities and m o

Nt—? _ —_ me
0o " MVit m_ e
° (30)

o _
VO

is obtained from equation (29)

<

For free molecular flow, v = VSkTﬂrm. This free molecular flow speed was used for

T/(') and ‘—’o in equation (30). For -‘;i the ion velocity required for a stable sheath, given

by the expression ‘_’i = ‘/kT e/m o (ref. 17), was used. Since current conservation
requires equal arrival rates for electrons and ions (m_ri = nv e) and m, is neglected com-

pared with m, equation (30) becomes

N = 0o (31)

Typically, N(') ~ 1020 per cubic meter and n‘/'nTe/ST; ~ 1018 per cubic meter; there-

fore, the second term in the numerator of equation (32) can be neglected, and the neutral
density in terms of the measured McLeod pressure becomes

Tl t
= _pL__ (32)

_0
(o] 0
T t
0 k‘/TOTO

Before N0 can be computed, the temperatures TO and TE) must be known. The tem-
perature in the McLeod gage should be nearly room temperature; therefore, a value of
300° K was used for T('). The neutral temperature in the discharge T0 is not known,
but in order to compute N o & value of 500° K was chosen for T o This value of 500° K
should be higher than what actually exists, therefore, the computed neutral number den-
sities might be slightly low.
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RESULTS AND DISCUSSION .
Electron Distribution Function

If a Maxwellian distribution exists for the electrons and no plasma oscillations are
present, the Langmuir probe curve, log i e against VP, would lie on a straight line for
Vp <Vpr, As shown in figure 9 (p. 14), however, log i, isnota single linear function,
but can be closely approximated by two linear functions. It might therefore be concluded
either that the electron distribution function is not Maxwellian for B > 0 or that plasma
oscillations exist. More likely, a combination of these two conditions exists. In other
words, the distribution function is not Maxwellian, and the probe curve exhibits a reduced
electron saturation current (is in fig. 9) due to plasma oscillations.

Since a Maxwellian distribution was assumed in deriving the expressions for v €0’

Vp and v ex? the theoretical analysis of the accelerator will be in error. The high-energy
tail of the distribution is the region where the largest departures from a Maxwellian are
likely to exist. As a result, the ionization and excitation collision frequencies, which de-
pend primarily on the high-energy tail of the distribution, will show the greatest error be-
cause a Maxwellian distribution was assumed. If the high-energy tail of the distribution
function is below that of a Maxwellian distribution, the values of v ex and V1 based on a
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Figure 10. - Variation of plasma properties through accelerator. Total applied voltage, 162 volts; total current density, 289 amperes per
square meter; magnetic field strength, 200 gauss; neutral number density, 5. 2x1019 per cubic meter; mass flow rate, 10-3 gram per
second; accelerator length, 7. 62 centimeters.
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Maxwellian distribution will be larger than the values obtained for v
- correct distribution function.

ex and V1 with the

Experimental Variation of Plasma Properties Through Accelerator

In figure 10 the experimentally determined variations of plasma potential, electron
temperature, number density, ion current density, and axial ion velocity through the ac-
celerator are presented. The electron number density and temperature were determined
by both the Druyvesteyn and corrected Maxwellian methods. It can be seen from figure
10(a) that the plasma potential varies almost linearly with axial position through much of
the accelerator and as a result, EZ is approximately a constant. A 50- to 60-volt sheath
was observed to exist at the cathode for all magnetic fields investigated.

As shown in figure 10(b) the electron temperature is a generally increasing function
in moving from the cathode to the anode. The corrected Maxwellian electron tempera-
tures are lower than those determined by the Druyvesteyn method. For z/L > 0.7 the
magnetic field is small since these stations are outside the magnet poles, and the
Druyvesteyn data and corrected Maxwellian data tend to approach agreement.

Figure 10(c) shows that the electron number density increases rapidly through the
first one-third of the accelerator and then decreases up to the cathode. The initial in-
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Figure 10. - Continued,
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crease in number density, despite the fact that ions are being accelerated, indicates that
ionization is predominant for the first one-third of the accelerator. Near the peak, the
corrected Maxwellian electron densities are nearly an order of magnitude greater than
Druyvesteyn values. Just as in the case of temperature, the Druyvesteyn and corrected
Maxwellian densities approach closer agreement beyond the magnet poles (z/L > 0.7).

The results of figures 10(b) and (c) show the importance of the electron pressure gra-
dient term, which was neglected in the theoretical analysis. For z/L < 0.2, both the
Druyvesteyn and the corrected Maxwellian data show that

é(n KT
1 _(e__e> ~ 800 V/m
ang oz

compared with Ez = 1640 volts per meter. However, for z/L > 0.2, both sets of data

show that ( l/qne) [a(n ekT e)/az] < 400 volts per meter. Neglecting this term compared
with E, therefore seems justifiable for z/L > 0.2, but not for z/L < 0.2.

The ion current density measured with the button probe is shown in figure 10(d).
Again, the rising ion current density indicates the importance of ionization for the first
one-third of the accelerator. For 0.5 < z/L < 0.8, the ion current density decreases.
The decrease observed in the region 0.5 <z/L < 0.8 is probably caused by radial flow
to the walls rather than recombination. The recombination rate is negligible for the
electron temperatures and number densities

10°

existing in the argon Hall accelerator
(ref. 18).

—-O-— Corrected Maxwellian With the assumption of equal charge
—O— Druyvesteyn densities, the results of figure 10(d), and
the number density from figure 10(c), the

m/sec

z

ion velocity was computed and is shown in
O—t—_—" () figure 10(e). The criterion for a stable
sheath (ref. 17) requires a directed ion ve-
Sidle) locity toward the button probe of approxi-
a mately vae/mi‘ Axial ion velocities de-
— termined from this criterion for both the
D - corrected Maxwellian and Druyvesteyn data
~or— are between 4 to 7x10° meters per second.
1030 . 4 . L . 2 Such velocities would result merely by the
Dimensionless axial distance, ziL ~ presence of the probe even if the plasma

(e) Axial ion velocity. were quiescent. This does not mean that

—_
o
E
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Axial ion velocity, u; ,

Figure 10. - Concluded. the probe caused the measured ion veloci-

22



ties, but it does determine a minimum ion velocity that can be measured. It is evident
from figure 10(e) that the ions are essentially unaccelerated. There are two likely ex-
planations for such a result. First, charge exchange may be responsible. The charge-
exchange cross section data for argon (ref. 19, p. 164) were used to compute a mean
free path for charge exchange. For all ion energies greater than 25 electron volts, the
argon charge-exchange cross section is approximately 30><10'16 square centimeter.
With this value of the cross section and a neutral density of 5. 2x 1019 per cubic meter,
the following mean free path results:

108

A=—"" ___=6.41 cm
(5. 2)(30)

It can be concluded from a comparison of this value of X with the accelerator length,

L =7.62 centimeters, that charge exchange is an important mechanism for limiting the
ion velocity. Charge exchange is not necessarily a serious inefficiency, since the high-
speed neutrals produced are just as efficient in producing thrust as ions of equal speed.
The inefficiency that does result from charge exchange is the nonuniformity in velocities
at the accelerator exit.

The second possible explanation for the ion velocity results shown in figure 10(e) is
that the ions are being accelerated to the accelerator walls where they recombine. Since
the radial magnetic field has no effect on the radial motion of the electrons, their centrif-
ugal acceleration will force them to the outer wall of the accelerator. In addition, a ra-
dial ambipolar electric field will be established that will also accelerate ions to the walls.
With the assumption of a Boltzmann distribution for the electron density, Langmuir and
Tonks (ref. 20) have shown, by solving Poisson's equation including ion production, that
a potential drop of about kT e/q to 2kT e/q can be established in a cylindrical plasma.
This potential drop will accelerate ions to the cylinder walls.

Janes and Dotson (ref. 8) have obtained experimental results for the variation of the
ion current and electron number density through a similar accelerator. They measured
the ion current J iz with a plane double Langmuir probe and interpreted the measured
force acting on a small quartz plate as the momentum of the accelerated ions miniui2 .
When equal charge densities were assumed and the ion current measurement and the Zion
momentum measurement were combined, the electron number density n e and the ion ve-

locity u; were obtained. The results of reference 8 are reproduced in figure 11. If
Z
charge exchange and location of ionization are important, the interpretation of results

will be affected since the momentum measurement will also include the neutral momen-
tum moN ouz and the force resulting from the ion velocity distribution, which were as-

sumed to be negligible. The results in figure 11 for n e and Ji variations with axial
Z
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Figure 11. - Experimental data of reference 8. Mass flow rate, 0.002 gram per second; total current,
10 amperes; total applied voltage, 400 volts.

distance are very similar in shape to those of figures 10(c) and (d); however, the results

for u; are quite different from those shown in figure 10(e). They indicate that u, is
Z Z

a monotonically increasing function from the anode to the cathode. The value of u, at
zZ
the cathode is given as VZqVT/mi, which would be true only if the ions were accelerated

through the potential VT' Obviously, if the location of ionization and charge exchange

were considered the results presented for uy would be reduced. If charge exchange
7
were to predominate, it would be expected that Uy should decrease near the cathode.
Z
An interesting conclusion can be made from the force measurement of reference 8.

These results, shown in figure 11 as miniuiz , imply that the force increases at the be-
Z

ginning half of the accelerator and then decreases through the remainder of the acceler-
ator. Since an ion accelerating electric field is maintained through the entire acceler-
ator, it seems reasonable to expect the force to be an increasing function, even if charge
exchange is important, unless the plasma momentum is going to the walls. Because
Janes and Dotson's results do not show an increasing force, it can be concluded that the
plasma momentum is being lost to the walls. This conclusion was also shown from the
results shown in figure 10(e).

The importance of the electron acceleration term ou e, /az can be evaluated by using
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data presented in figures 10(c) and (e¢). From the definition of the total current, an ex-
pression for the electron velocity can be derived if equal charge densities are assumed:

I = qn<u. -u > (33)
T i, e,
Therefore,
J
U, =y - T (34)
Z Z qn
and
ou au
e i J
z__z,"T 1 on (35)
0z dz q .2 oz

From the results of figures 10(c) and (e), the first term in equation (35) can be shown to
be small compared with the second term. Therefore, the number density curves (fig.
10(c)) show that the largest values of aue /az occur in the region z/L < 0.2. In this

region z
au
e J
z, T 1 on_ 446
0z q .2 0z

n

In order to neglect the term du e 0z in equation (4), the following condition must be

satisfied: z

e
1 P

€0

For NO ~ 5><1019 per cubic meter and kT e/q > 10 electron volts figure 2 shows that

7
v ~ 10", Therefore,
eom
ou
1 e _10°

Voo 0Z 107

=0.1
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As a result, it seems reasonable to neglect the term (1 /x o >éu e /az) in equation (4).
m Z

Experimental Evidence of Anomalous Diffusion

To check the validity of the classical expression for electron current density across
the magnetic field (eq. (7)), the data of figure 10 were used. If (we/veo >>> 1 and the
m,

neutral velocity term is neglected, equation (7) gives the following result for the electron
current density:

m n_vy

ee eo o{n kKT

Je = —qneue =__m Ez +_1__ __(_E._e_) (36)
Z Z BZ qng 0z

Both Druyvesteyn and corrected Maxwellian data were used to compute J e The largest

z

values of J, occur at z/L = 0.3 for the Druyvesteyn data and at z/L = 0. 35 for the
zZ

“corrected Maxwellian data. At these axial stations, the electron current density from

Druyvesteyn data at a magnetic field of 200 gauss is

<Je > = 2.23 A/m?
DR

and from corrected Maxwellian data is

<Je > = 21.2 A/m?
Z/MAX

In computing J e’ the values of v co  Were obtained from figure 2 (p. 4). It should be
Z

remembered that v o is based on a Maxwellian distribution. However, unless the
m
distribution function is far from being Maxwellian, the correct value of the collision fre-

quency, which is obtained by integrating over all velocity space, should not be much dif-
ferent from one based on a Maxwellian distribution.

To obtain the experimental value of J e it was assumed that the total current was
Z
uniform across the accelerator, therefore, JT = 289 amperes per square meter. Thus,

from figure 10(d) at z/L = 0. 35, the experimentally determined electron current densi-
ties are as follows:
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<Je > =179 A/m®  at z/L=0.3
Z exp

(Je ) =175 A/m®  at z/L =0.35
Z/exp

Based on the large differences between the calculated current densities and the experi-
mental values, it would appear that there is an anomalous mechanism which allows the
electrons to diffuse across the magnetic field at a rate much greater than that predicted
classically.

Further evidence leading to the conclusion that an anomalous electron diffusion ex-
ists was obtained by measuring the effective Hall parameter w eTer The ion current den-
sity distribution was measured for several values of the magnetic field with the button
probe. In all cases the distribution had a form similar to that shown in figure 10(d).

From these distributions, average ion current densities 31 were computed and the re-
Z

sults combined with the measured Hall currents to compute an average value of w oTe

for the accelerator

These values of w eTe are listed in table 1.
An effective value of w 7, can also be obtained from the measured plasma proper-
ties. Neglecting the pressure gradient term in equation (36) gives the following result:

qn E
2.~ ¢ 2 (37)
B

Experimentally determined values of n, and J ; Wwere used in equation (37) to compute

e
the effective Hall parameters at z/L = 0. 367 forzseveral magnetic field strengths. The
results from both Maxwellian and Druyvesteyn reduced data are shown in table I. For
all cases listed, JT = 289 amperes per square meter and N0 = 5. 2><1019 per cubic
meter.

The values of a for the Druyvesteyn data and @ from the Hall current data com-
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Figure 12. - Dependence of electron number density on magnetic field. Total cur-
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pare closely with the value of @ = 1/3 presented in reference 8. If figure 2 is used to

obtain v €0 the classical value of w should be of the order of 100 for the elec-

v
m e/"eo
tron temperatures, neutral densities, and magnetic fields obtained in the argon Hall ac-
celerator. As a result of the large discrepancies between the measured values of w eTe
and J, and classically computed values of these parameters, it appears that some
Z
anomalous phenomena occur to produce enhanced diffusion of the electrons across the

magnetic field.

Dependence of Plasma Properties on Magnetic Field

Experimental. - In figure 12 the experimentally determined variation of the electron
number density with magnetic field for constant total current density J T 289 amperes
per square meter at axial stations z/L = 0.033, 0. 367, and 1. 03 is presented. Only the
Druyvesteyn determined values for the density are shown. Maxwellian values for the
density are nearly an order of magnitude greater, but show the same variation with mag-
netic field. Also shown in figure 12 is the mean number density determined from the
measured Hall current. As can be seen, there is good agreement between the number
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Figure 13. - Experimental electron temperatures. Total current density, 289 am-
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densities determined by the Druyvesteyn method and the Hall current measurement.

The experimentally determined dependence of the electron temperature and the elec-
tric field on magnetic field is illustrated in figures 13 and 14, respectively. Both
Maxwellian and Druyvesteyn data show some increase in electron temperature with mag-
netic field. From figure 14 it appears that the electric field increases with the magnetic
field.

Theoretical. - Results for the electric field that were obtained from the classical
diffusion analysis (eq. (15)), are shown in figure 15. Comparison of the experimental
results in figure 14 with those in figure 15 shows that the results for classical diffusion
predict much larger electric fields than those measured.

Theoretical results for the electric field under the assumption of anomalous electron
diffusion are shown in figure 14. The electric field was calculated from equation (19)
with @ = 1/3 and N, = 5. 2><1019 per cubic meter. Figure 14 shows that an electron tem-
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10000 eIV ly less than Druyvesteyn temperatures and do
2|0 /’ not agree with the corrected Maxwellian temper-
8 000 7 A atures. Part of the discrepancy for the Druyves-
// tian case may result from the derivation of the
15
6 000 A4 // ionization and excitation collision frequencies
,/ ,/ pd vp and v.. As pointed out previously, v; and
2000 / / /10 Vex depend primarily on the high-energy tail of
/ / - the distribution function. If the actual distribu-
// L et
// / 5/// tion is depleted in this region, the actual tem-
2000 P perature must be higher than a Maxwellian tem-
] perature to produce the same value of VI and
0 .
% m = % 00 Vex: Therefore, the temperature will also be

Magnetic field strength, B, gauss

Figure 15, - Variation of electric field with mag-
netic field for classical diffusion.

higher to produce the same electric field as a
Maxwellian distribution (eq. (19)).
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Figure 16. - Experimental accelerator efficiency. Total current den-
sity, 289 amperes per square meter; neutral number density, 5. 21019
per cubic meter.

Experimental Accelerator Efficiency

From the experimentally determined values of the ion current density and the
Druyvesteyn determined electron number density at z/L = 1.0, an accelerator efficiency
can be computed. To make the calculation, it was assumed that, at the accelerator exit,
the plasma has equal charge densities n e =Ny and that the ion velocity and number den-

sity were uniform. It was also assumed that the total current density JT was uniform
across the accelerator. Under these conditions, the efficiency is

1 < 3 )
= ({m.n.u}
il u, J.
2 Z/z=L - mi =L, 'z-L

n =1 —
exp Vplp 29 Vp Ip

(38)

In figure 16, the experimental efficiency is presented. It can be seen that the magnetic
field had little effect on the efficiency for B > 100 gauss. This seems to substantiate
that momentum and energy transfer to the walls are the important loss mechanisms.

With the radial magnetic field, both electrons and ions are free to move along the field
lines to the walls, so that the magnetic field strength should have little effect on energy
and momentum transfer to the walls. It should be remembered that the efficiency defined
by equation (38) does not include the momentum of high-speed neutrals produced by charge
exchange. If this were included the efficiency would be higher.

CONCLUSION

The experimentally determined axial electron current moving perpendicular to the
magnetic field lines was at least an order of magnitude greater than the classically com-
puted result. This result, together with the fact that measured values of the effective
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Hall parameter were much lower than expected, implies that an anomalous electron diffu-
sion across the magnetic field exists. Theoretical results for the variation of electric
field with magnetic field that include anomalous electron diffusion agree well with the ex-
perimental results. At constant current it was found that the electric field increases
with magnetic field.

Experimental results indicate that the ions are not being accelerated to velocities
that would be attained if the ions were to undergo electrostatic acceleration through the
applied potential. Charge exchange is a possible explanation for this result. However,
since Janes and Dotson measured a decrease in the axial plasma momentum, it appears
that the plasma momentum is being lost to the walls.

The experimentally determined accelerator efficiency is essentially independent of
magnetic field equal to or greater than 100 gauss. The independence substantiates the
conclusion that ion momentum and energy transfer to the walls are the most important
loss mechanisms.

Lewis Research Center,

National Aeronautics and Space Administration,
Cleveland, Ohio, September 17, 1965.
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APPENDIX A

SYMBOLS
probe surface area R0
magnetic field strength r
particle random velocity, V - U rp
electric field strength T
velocity distribution function
relative velocity between two

colliding particles
total current a
electron current collected by
Langmuir probe v
current collected by Langmuir v
probe
current density VT
total current density -
v
Boltzmann constant,
1.3805x10723 3/°k z
accelerator length, 7.62 cm
particle mass
neutral number density €
number density n
pressure, 1 m [. c2F d3v
3 v Keo
heat flow vector,
Im _/; 2T F ddy
2 v n
electron charge, Vei

1.602x10" 19 ¢

inner radius of accelerator

outer radius of accelerator
radial coordinate

Debye length

temperature

difference between plasma poten-
tial and Langmuir probe poten-

average velocity, 1 f TF v

-

nvv
voltage

center-of-mass velocity in binary
collision

total applied voltage measured
with respect to ground

total particle velocity, U + €

axial coordinate

anamolous diffusion parameter

inelastic energy loss increment
azimuthal scattering angle
accelerator efficiency
azimuthal coordinate

average energy lost by electron
in colliding with neutral,

eq. (12)
reduced mass

electron~ion momentum transfer
collision frequency



eo electron-neutral momentum
m transfer collision frequency
Vox excitation collision frequency
VI ionization collision frequency
o4 differential cross section
o total momentum transfer cross
section
O total cross section
T time
Te effective electron collision time
P ax excitation potential for first ex-
cited level of neutral
@1 ionization potential
X scattering angle
::,E. stress tensor, m f_ CTF ddv
\
W electron cyclotron frequency
Subscripts:
coll collision

DR

ef
ex
exp

Hall

Druyvesteyn data
electrons

elastic process
excitation process
experimental

Hall current
ionization process
ions

corrected Maxwellian data
neutrals

probe

plasma

radial direction
species s

species t

axial direction

azimuthal direction
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APPENDIX B

ELECTRON EQUATION OF MOTION

If the zeroth moment of the Boltzmann equation is taken the following result is ob-

d(n_m ) oF
s s =\ _ S 3
T*V'(msnsus)'E ,/(3:) me s >
- t
- Vg coll

where the right side of equation (Bl) represents the rate of production of species s by
collisional processes such as ionization, and F S(VS, T, 7) is the distribution function of
species s. If no production occurred, the right side would be zero, and the usual conti-
nuity equation would result (eq. (6-8) of ref. 7, p. 157). Other terms appearing in equa-
tion (B1) are the number density n s’ the particle mass m s’ the particle velocity Vs’

tained:

and the average velocity U S

Taking the first moment of the Boltzmann equation, as in reference 21 (eq. (6-9), p.
157), results in the following expression:

d(n_m _U.)
s's's - - = ~
ot * (nsmsus' V)us + UV (nsmsus)
= - .= oF g - 3
+V- Y- nSqS(E + U X B) = s myv, dovg (B2)
v tcoll

t S

The term on the right side of equation (B2) represents the momentum gained by species s

-

in collisions with all the other species t in the plasma, and ¥ =m f_ 'c’s'é'sF S d3vs is
v
S

the stress tensor of species s. Also appearing in equation (B2) are the charge of species
S, 4 electric field -ﬁ, and magnetic field B.
If equation (B1) is multiplied by 'ﬁs and the result subtracted from equation (B2), the

1The development of the collision integrals in appendixes A and B follows the work

of Dr. Frederic A. Lyman presented in unpublished lecture notes at Lewis. In his work,
however, only elastic collisions are considered.

36



following equation of motion for species s is obtained

aﬁ’s - - = - o - o0F - .3
msns—aT—+nsmS(us-V)uS+V-1p—nqu(E+us><B)= —= m_c_d°v
t

(B3)

where the definition VS = ﬁs + 'c's has been used in equation (B2). In order to obtain a
useful form of equation (B3), the right side of equation (B3), which represents the mo-
mentum gained by species s in collisions with the other species in the plasma, must be
evaluated.

From reference 22 (p. 62, section 3. 51), the rate of change in momentum of species

s in collisions with all other species can be written as

oF
S m T a3
ar s’s s

- t

v coll

t s
T 27 3
3 -t - .
= / / f / dvg d vtms(cs' - cS)FSthod(g, x)sin x dy de (B4)

- v Y vy x=0Je=0

where a prime denotes the condition after a collision, g is the relative speed |Vt - Vs ,
x is the scattering angle, € is the azimuthal scattering angle, and 94 is the differential
cross section. The following notation is used for integration over velocity space:

A(. - ) V_[; [w [m ¢ - ‘)d"xd"ydvz

The first step in carrying out the integration of the right side of equation (B4) is re-
lating (c, s' - E’S) to g, x, and €. For a binary inelastic collision, where any particles
that may be produced are assumed to have negligible momentum and energy, the conser-
vation of momentum and energy can be expressed as follows:
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’ 1 1 2 1 12 -
—msv +——mtvt--§msvS +Emtvt + A

where A is the energy lost in the inelastic process. If the center-of-mass velocity is
~ MV +myv,
defined as V =
mg +my

- ' -1

Ve Vs, Vt, and v, in terms of the center-of-mass velocity and the relative velocities

, the conservation of momentum shows that -\; = V'. Writing

results in

- = My

- m -
Vé:v-ﬁtg' (B5b)
Vt=V+Hg (B5c)

where M =m_ +m, and g = Vt -V s Substituting equations (B5) into the energy equation

results in the expression

g' =g 4f1-24 (B6)
g°u

where u = (m smt) /(m gt mt) is the reduced mass. Also, from equations (B5a) and (B5b)
the following relation is obtained:

-t - mt(_. -
Vg~ Vg=—(E-g)
S 5 M

Since VS = ﬁ’s + —c’s and VS' =1 <t ’c's', the following expression is obtained:

i B I
Cg~Cg=—1(&-8")
M
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SR Considering figure 17 and using equation (B6) give the following
’ 7 relation:

|
|

m m

— I R d — -

- m 3 cs'-csz_t(-g.—g')z_;t.

A ~ [ M M
E}\\\ '
\\\jl

Figure 17. - Relation between relfative - g4/1-—=sinx({ cose +m sine) (B7)
velocities. ug

where £ and m are unit vectors. After substitution of equation (B7) into equation (B4),
integration over ¢, if ¢ is assumed to be independent of ¢, eliminates the { and m
components. As a result,

T 27 m T
-t - . _ t - ZA .
/ / (cs-cs)ods1nxdxd£—21r—ﬁg 1- 1--—cosx0dsmxdx
x=0 Je=0 x=0 Le
m
- t =
= Zn—l;/[—gom

where the integral on the right side is the total momentum transfer cross section O
For elastic collisions, A = 0, and the elastic momentum transfer cross section is

i
o (g)=2r f (1-cosy)o, (g x)siny d (B8
m, A X)og_ (& x)sinx d )

where o4 is the differential scattering cross section for elastic collisions.
et
For the inelastic processes, ionization and excitation, A = qPp Or Q¢ ., where ?1

is the ionization potential and ¢ ex
levels may be excited, ¢ ex and the differential cross section should be different for each
level. Therefore, the complete expression for the total momentum transfer cross sec-

is the excitation potential (in volts). Since many

tion is given as follows:
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it -

o-m(g) =27 (1 - cos X)Gdeﬁ sin x dx

2q¢
+ 27 1-

I cos X |04 sin x dx
2 I
Lg

4 2q¢
+ 2m 1- 1- €X cos xlo sin dx dx
2 dex
0 J73:4
o, =0 +0_ + o
m Mep my Z Mex

where

> (B9)

cos X |04 sin y dy
1

0

and for each level

& cos X|%q sin y dy
ex

To determine a momentum transfer cross section, the differential cross section must be
known. However, most experimental cross section measurements are of the total cross
section, defined as

T
GT(g) =27 '/0‘ o4 sin x dx

Experimental values of o , 0 , and o as a function of electron energy for elec-
Teﬂ TI Tex
tron neutral collisions for several gases are presented in reference 7 (pp. 7, 102 and 111).

Comparing the magnitudes of these quantities shows that, for electron energies (= 35 m evi)
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less than 25 electron volts, Op is at least an order of magnitude greater than Op and
el 1

o In reference 8 (p. 31), calculated values of o are compared with o, .

Tex Mep Teﬂ

Since o, and Op are of the same order, it would appear that the same conclusion
el el

that holds for oTeﬂ’ o . and oTe would also apply to Om . » Tmu and O o and as

el I ex
aresult o and o will be neglected compared with ¢ in equation (B9). In
My Mex Meg
this case then, equation (B4) becomes

mC |— - v d tggFS iy m, (g) (B10)
Vg coll

The integration of equation (B10) has been performed by several authors (ref. 23) for
the case where Maxwellian velocity distributions are assumed for F s and Ft' In this
case the result is

o

2n,n - 2 ,,2
m_c d3v =- t—Su-—le-w /B g30
s 1/2 2 Meyp

t B w
coll 0

t

2 2 /2
% |cosh(28%) - B sinh 28w e 8 /B dg (B11)
32 2gw 32

where W =1t -, and 62 = [(2kTS/mS) + (2th/mt)].

To carry out the g integration in equation (B11), O
el

the integration is performed, the result will be a function of both w and B3, which is not
a convenient form to be used in equation (B3); however, equation (B11) can be simplified
for the case w/B << 1. For the Hall ion accelerator, this should be a good approxima-

tion in the case of electron-neutral and electron-ion collisions:

(g) must be known. Even if
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4
u iy 5
™. P B M0,
2kTe 2kTe 10
m, me

For the case w/pB ~ 0, equation (B11) becomes

oF 8 2,2
__8 PPt o- (g)e'g /B dg (B12)
Oy 1/2 5

coll

Now the integral will be a function only of the parameter Bz = (2kT S/ mJ) + (2th/mt).
Equation (B12) can be written in terms of a momentum transfer collision frequency v
as follows

_ (oF 3 m_m, -
mC 5 d Vg = - ———n Vst (u ut) (B13)
» or t mg +m,
v coll
n s

where v st is defined in the following way:
m

stm

8n, ® s o2/
Vgt = g, (g)e dg (B14)

m 5/2 el
2KT 2kT
37 1/2< S, t) 0

mg my

Equation (B13) can be substituted into equation (B3) to obtain the equation of motion
for the species s. The equation of motion for electrons in a plasma consisting of neu-
trals, singly charged ions, and electrons is
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T @ )a Vpe o R MMy @ MMy @
m U, - Vi, +—+q(E+U0 xXB)=-—=2 p i -U)+———v_. (U, -1,
e‘e e n, e m +m Oy € m +m. Sy € I

(B15)

where a steady state has been assumed, and V. {z/' = Vpe since a Maxwellian velocity
distribution has been assumed.

For the case of electron neutral collisions (2kT e/m e) + (2KT 0/mo) ~ (2kT e/m e), and
thus the electron neutral momentum transfer collision frequency is

[o0]

N fp /m\7? 5 -meg2/2kTe

Voo = — 4~ |— go, (g)e dg (B16)

m 3 Y \kT_ el
0

In computing the integral in equation (B16), experimental values for m (g) can be used.
el
Since most of the experimental data is for cases where the neutral gas is initially at rest,

the relative speed g is essentially the electron speed Ve In these cases it is conven-

ient to write equation (B15) in terms of the electron energy, ¢ = 1 m 2 _ m eg2 in
2

e e
volts:

0 |

-q¢ /KT
(@)p2e € do (B17)

The total momentum transfer cross section for coulomb collisions can be computed
analytically, provided that the lower limit in the expression

T
o] =21 / (1 - cos x)o, sin y dy
Meg 0 d

is cut off at some value, since the integral diverges at the lower limit in y. The value

for O when the integration is cut off at a lower limit corresponding to an impact pa-
ef
rameter equal to the Debye distance, defined in mks units as
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1/2

€ okT
I = —
7\ g
5 S°s
is given in reference 24 (p. 127) as
2
q59¢
o =4y[———— | InA
Mgt 2
4me o8
12me 0kT
where €5 is the permittivity of free space and A = ———— Iy Burgers assumes
A9t

thermal equilibrium (T =T s~ Tt) in obtaining this result; however, for the Hall ion ac-
celerator the electrons have a much higher temperature than the ions and neutrals. To
compute rp and In A, therefore, Te will be used in the expressions for rp and A.
Substituting the momentum transfer cross section in equation (B14) and assuming
(2kTe/me) >> (2kTi/mi) give the following results for the electron-ion momentum trans-
fer collision frequency

2

2 nilnA g I In A

oi _4Ver( g =3.63x107° & sec'l(mks) (B18)

where equal charge densities have been assumed (n o= ni) and

T

® W

tene KT )%/
1/2

= 1.24x107 (mks)

=

' (ny)
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. APPENDIX C

ELECTRON ENERGY EQUATION

The energy equation for the species s can be obtained by multiplying the Boltzmann

equation by % mv and integrating over VS with the following result (ref. 24, eq. (5-43),

s
p. 132)

p uz P u2
2 msnsE S + S]|+v. ﬁs msnsE s .8
ot 2 m n 2 2 m.n 2

Ol

= 3
VP Ug + V- Qg - qgngE % / msv dvg (C1)
coll

2 3
msﬁ cSFS d Vg
Vs

is the scalar pressure. The term on the right side of equation (C1) represents the energy

o=t

where Q =% /_: cz'c'st d3vs is the heat flow vector and pg =
v

gained by species s in collisions with all other species.
Similar to the case for momentum transfer, the energy transfer term due to colli-
sions can be written as follows:

E 3
/ —mv d*v s
coll
i 27 m
- By v, -5 (v2 - VIF_Feo. (g x)sinx dxde  (C2)
= sVt Us s /Fs¥t89q\6, X)Sim X oX
- v/ vy x=0 Je=0

Using equations (B5a), (B5b), and (B5c) gives the following results for <v'sz - vi):

m, A

1 !2 _ t (C3)
M

2 - — -
3 ms<vs - vs>= LV (g - 8"
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Using equation (C3) in equation (C2) and performing the X and e integrations results in

oF 1 3
—= —mv dv gV ga (g)Fdedt
. oT t 2
- Vg coll
ae
- Tt I‘/‘\/‘go,r(g)F aSv dvt
qe
. my eX//go (g)FF dv d vy (Cq)

where Op. and Op are the total ionization and excitation cross sections defined in

appendix B. As was done in appendix B, o, the total momentum transfer cross section,
will be approximated by the elastic total momentum transfer cross section.

To perform the Vs and Vt integrations a coordinate transformation will be made.
Values for FS and T must also be assumed, however. The most obvious approxima-
tion for Fg and Ft is a Maxwellian about the mean velocities 1'1’S and ﬁt at the species
temperatures TS and Tt‘ Therefore,

Fs ~ 3/2_3 ©
T g
- —e\2
_<Vt'ut>
n a
Ft= t e t
7r3/2a"23

where ai = 2kT S/m g and af = 2th/mt. The product of the distribution functions is
transformed into the following expression

46



2 2
may - mag ) 2k(Tt - Ts)
2

2

Mg

It is now possible to transform the integration in equation (C4) from ¥, o Vt to E, g
since

v de, = 17| a3 a3g = a3t g

V., V) 5
where the Jacobian, IJ[ = f’ t a(_Y’ g) =1, The Jacobian is calculated by using
AV,8) 3,8
equations (B5) and the definition of {. Substituting the product of the distribution func-
tions in equation (C4) and integrating over E result in
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2 .3
= msvS d vy
coll
2~ 2. _(§+W)
n_n.p aru, +au A\ .
= 352t3 t 52 t+.¢g .Ego e B d3g
T / ﬁ B el
T g
(§+\77)2 (gﬁ,)
m.q¢ m. qo
- t°71 gop B d3g + ti7ex gop e B d3g (C5)
uwM 1 LM ex
g€ g€

Changing the integrals to spherical coordinates and carrying out the angular integrations
give

2~ 2~
1 by - gt 1 -(W/B)z Cw [MtYs Y
aT t 2 *8 0 /25 W v\ 2
coll m
t
e B2 i 28 87 /B
X g 0, cosh 2gw _ sinh g;;v e & dg
2
0 el B 2gw 8
> 2 m ® 9
+ 7 g4o sinh (28¥ |~ (&/F) dg - —& a9y g2 sinh 28% op o~ (8/8) dg
Meag 2 uM 2 I
0 B 0 B
2 ginh 29% ~(g/P)? dg
A9 ox g~ sinh —2- op © (C6)
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- Just as in the case for momentum transfer (appendix B), the limit w/B8 — 0 is taken.
As a result the first integral vanishes:

4n n * 2
/ msvi d3v3 = 1/s2 t vy g5om ﬁe'(g/B) dg
e
Z tooll - n'/2g3 0
o0 o0
m 2 2
t 3. .-(g/B) 3 -(g/B)
- — Q¢ g om € dg + qo g 0o e d C7
M I A Ty ex Tex g (C7)
0

Equation (C7) can be written in terms of the momentum transfer collision frequency, an
ionization collision frequency, and an excitation collision frequency

§ 2 .3
/ = msvs d Vg
coll

3msmt m,
n, [———— (kT kT )uSt _ qq)IVstI + E q(pexyst (C8)
s ex

(ms + mt) my +m
t
where v st is defined by equation (B14) and
m
4n % 2 ,.2
v, = t g30 (g)e”® /B dg om =0 for g<g. (C9)
st T T i
1 1T1/233 I I
&
4n % 2 /.2
Vgt = ¢ g30T (2)e”8 /B dg op =0 for g<g,, (C10)
ex ﬂ1/233 ex ex
€ex

Substituting equation (C8) into equation (C1) gives the energy equation for species s:
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0 3 s - 3 -
—|m n [2 +—Jl+V.qu_m n {= +—= +V.(pu)-qnkE-u
ot ss2rnsnS 2 5 SS2msnS 2 S8 58 S
3msm,£ m,
= ng (th - kTs)vStm — APVgr + E AP oy Vst (C11)
(ms+mt) t s

It should be noted that, since a Maxwellian ve1c=)=city distribution function has been as-
sumed, the heat flow vector vanishes and that V. zps . ﬁs = Vp sas‘ Consider now the
form equation (C11) takes for electrons in a plasma made up of electrons, singly charged
ions, and neutrals of the same species as the ions. For ionization and excitation of neu-
trals by electron impact, equations (C9) and (C10) in terms of the electron energy in volts,
become

8 2 /m_\3/2 * -q¢/KT
Voo = V1= (== ) (== N,op (@)pe dp  (C12)
I V7 \m,/ \2kT, I
%1
and
2 3/2 o0 '
m -q@/KT
Veo Euex=—§- a € N op (p)pe € do (C13)
ex Vo m,/ \2kT, ex
P ex
where;
m
2 q

In deriving the preceding results, the condition, T e/me >>T 0/ m has been used to
obtain 62 = 2kT e/m o The ionization collision frequency Vi for electron-neutral colli-
sions is obtained by carrying out the indicated integration of Op.- A useful expression

I

for VI is obtained at low temperatures by assuming Op to be the following linear func-

tion of ¢ I

(NO) StdcTI = aI(Qo - QDI) (014)
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_ where a; is a constant, @1 is the ionization potential, and (No) std is the number den-

sity at 0° C and 1 millimeter of mercury (133.3 N/mz). Such a linear approximation for
the ionization cross section is made in reference 6. Therefore, for an arbitrary number
density N o (in reciprocal cubic meters) equation (C14) becomes

2
Noop, = Po(@ - ¢ ;73 (C15)

o

where T0 is the neutral temperature in °K and P, is the neutral pressure in newtons
per square meter. In reference 11, von Engel gives values of ay for several gases when
P, is measured in millimeters of mercury and NoorT in reciprocal centimeters; hence,

1
I _ 0,751 (m)(sec?) (ay) c16
ar = 9 (aI)v. Engel ~ ™ k T'v. Engel ( )
133.3 N/m g
For argon,
(apy. Engel = 0-71
hence
ap = 0. 534 (A)(sec’)/(ke?) (m?)
Substituting equation (C15) in equation (C12) and integrating yield for small T e
9 Mg 273p0 2kTe 3/2 . a9y -qqu/kTe
Vy=— —a + e
T'veoa b, \\m, 2KT,
2
5. (KT -aey/kTy [ a9y -1
= 5. 04x10 a.IN0 — e 1+ sec (C17)
q 2kT
e
where
N, neutral number density, m™~3
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T o neutral temperature, g
p, Deutral pressure, N/m2
@1 ionization potential of gas (for argon, 15.76 V), V

To obtain a low temperature approximation for the electron neutral excitation colli-

sion frequency, a linear variation of Op with electron energy will be made, just as
ex
was done in the case of the ionization collision frequency. Only the first atomic level is

considered. For argon, the data of Druyvesteyn and Penning (ref. 7, p. 102) were used
to construct an expression similar to equation (C15). As a result, an expression of the
same form as equation (C17) is obtained

3/2
- kT 49 oy | ~99 /KT
vy = 5-00x107 100N (€} (1, " €X)q Pex®le o1 (C18)
q 2kTe
where
D ex excitation potential of first level (for argon, 11.6 V), V

Aoy  defined the same way as ay in equation (C14); for argon,
a, = 0.251 (A)(sec”)/(ke)(m?)

Sovie and Dugan (ref. 25) have calculated the quantity q(<vaI + Zq) ex? ex) / N0 for
argon, cesium, and helium as a function of electron temperature. To calculate Vi and
Vox they assumed a Maxwellian distribution for the electrons and used the method of

Gryzinski (ref. 26) to calculate ionization and excitation cross sections. Their results
are compared in figure 18 with values of

(% exVex * (/)IVI)/ N, for argon calculated by

-31
6x10 using equations (C17) and (C18). Reasonable
o 5 / agreement is obtained for low values of the
L / | electron temperature. At an electron temper-
TE [~ Low-temperature / :
‘f‘__ig 4|—approximation, / P ature of 14 electron volts, the results of refer-
‘fé/;% &as. [C17) and (C18)-, - 1| ence 25 and the calculated values begin to di-
28 3 // e verge as a result of the assumed linear varia-
;ki 7/ /// tion of o, and op with electron energy made
%\g—'} 2 ¥ A~ dovie and bugan in deriving Y1 and v ex However, below
] é’ ) (ref, 25) 14 electron volts, the calculated values are
= ! within 20 percent of the results in reference25.
0 & For low temperatures, either evaluation of this
4 8 12 16 20 2 28

inelastic loss parameter is equally justifiable.

Electron temperature, kTe/q, eV
At high temperatures, the values calculated in

Figure 18. - Inelastic power consumption for Argon as
a function of electron temperature. reference 25 are more accurate.
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